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Distance metric learning has been a hot research spot recently due to its high effectiveness and efficiency
in improving the performance of distance related methods, such as k nearest neighbors (kNN). Metric
learning aims to learn a data-dependent metric to make intra-class distance smaller and inter-class larger.
A large number of methods have been proposed for various applications and a survey to evaluate and
compare these methods is imperative. The existing surveys just analyze the algorithms theoretically or
compare them experimentally with a narrow time scope. Therefore, the paper reviews classical and influ-

ﬁ’ﬂ?{iﬁming ential methods that were proposed between 2003 and 2017 and presents a taxonomy based on the most
Distance distinct character of each method. All the methods are categorized into five classes, including pairwise
Classification cost, probabilistic framework, boost-like approaches, advantageous variants and specific applications. A
Similarity comprehensive experimental study is made to compare all the selected methods, exploring the ability in

Nearest neighbor improving accuracy, the relation between distance change and accuracy, the relation between accuracy

and kNN neighbor size.
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1. Introduction

In machine learning, measuring similarity is significant in mak-
ing prediction since any two similar patterns probably have the
same output (label, cluster, etc.). An unknown pattern can be pre-
dicted correctly under proper similarity measurement. Distance is
one of the most common means for similarity, which is applied in
classical machine learning methods, including kNN (Cover, 1968;
Cover & Hart, 1967) and k-means (Jain, 2008; Likas, Vlassis, &
Verbeek, 2001). The performances of kNN and k-means rely heavily
on distance and Euclidean distance is employed in most of the
cases. However, Euclidean distance treats all the components of
a feature vector equally, disregarding their different significances
in determining the output of the vector. For example, in face
identification, the distance between two face images should be
mostly determined by the nose, eyes, mouth, other than all the
components of the image. Metric learning can solve such task but
its advantages are not limited to it: (1) Learning a data-dependent
metric to discriminate the importance of different attributes may
depict similarity more precisely. (2) Normalization is not necessary
in metric learning since it can rescale each component of the input
vectors. (3) Metric learning can make dimension reduction when
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the metric is decomposed by the transpose of a linear transforma-
tion multiply the transformation. (4) A learned metric can be gen-
eralized to test data well since all the information of supervision
and pairwise distances is extracted in metric learning. Distance
metric learning has been developed since 2003 to improve the
performance of distance related methods and it attracts more and
more attention recently due to its good effectiveness. The basic
idea of metric learning is to make each point nearer to the points
with the same label and farther from the points with different
labels, namely, reduce intra-class distance and enlarge inter-class
distance as much as possible. There are many difficulties and chal-
lenges in metric learning: (1) How to define intra-class distance
and inter-class distance. A desired metric is learned under the
constraints that intra-class distance is minimized and inter-class
distance is maximized. The definitions of intra-class and inter-
class are important in getting the optimal value of the metric.
(2) How to deal with the constraint of positive semidefiniteness
of the metric. For the completeness of the metric, a proper metric
should be constrained by the property of positive semidefinite.
The constraint is a big trouble for optimization, leading to high
complexity and uneasily solving. (3) How to reduce complexity
and make it as low as possible. In distance related methods, the
information of pairwise distance should be used, which brings high
computational complexity, especially when the data size is very
large. A method with high complexity is intractable whatever its
promising performance. (4) How to introduce metric learning into
specific applications. In traditional classification task, distance is
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Table 1
Selected top conferences and journals.

Conference/Journal name

Conference/Journal name

AAAI(C) AAAI Conference on Artificial Intelligence

ACCV(C) Asian Conference on Computer Vision

ACMMM(C) ACM Multimedia Conference

CVPR(C) Conference on Computer Vision and Pattern Recognition
ECCV(C) European Conference on Computer Vision

ECML(C) European Conference on Machine Learning

ICCV(C) International Conference on Computer Vision

ICDM(C) IEEE International Conference on Data Mining

ICML(C) International Conference on Machine Learning
IJCAI(C) International Joint Conference on Artificial Intelligence
SIGKDD(C) ACM Knowledge Discovery and Data Mining

NIPS(C) Conference on Neural Information Processing Systems
UAI(C) Conference on Uncertainty in Artificial Intelligence
TIP(J) IEEE Transactions on Image Processing

Al(J) Artificial Intelligence

IF(J) Information Sciences

JMLR(J) Journal of Machine Learning Research

KBS(J) Knowledge-Based Systems

ML(J) Machine Learning

NC(J) Neural Computation

PAMI(J) IEEE Trans. on Pattern Analysis and Machine Intelligence
PR(J) Pattern Recognition

SP(J) Signal Processing

TCYB(J) IEEE Trans. on Cybernetics

TCSVT(]) IEEE Trans. on Circuits and Systems for Video Technology

TIE(]) IEEE Trans. on Industrial Electronics
TIFS(J) IEEE Trans. on Information Forensics and Security
TNNLS(]) IEEE Trans. on Neural Networks and Learning Systems

In parenthesis, (C) denotes Conference and (J) denotes Journal.

defined with two input vectors, but in specific applications, such as
multi-instance learning, multi-view learning, multi-label learning,
the pattern is not presented as a single vector, it is a challenge to
define distance on such tasks.

A great many scholars have proposed many efficient algorithms
to solve these difficulties according to their own understandings.
In many hot and important applications, metric learning has been
applied to obtain better performance, including face identifica-
tion (Cai, Wang, Xiao, Chen, & Zhou, 2012; Cao, Ying, & Li, 2013;
Guillaumin, Verbeek, & Schmid, 2009; Hu, Lu, & Tan, 2014), person
re-identification (Ma, Yang, & Tao, 2014; Paisitkriangkrai, Shen, &
van den Hengel, 2015; Tao, Jin, Wang, Yuan, & Li, 2013; Xiong,
Gou, Camps, & Sznaier, 2014), image retrieval (Gao, Wang, Ji, Wu,
& Dai, 2014; Hoi, Liu, & Chang, 2008; Hoi, Liu, Lyu, & Ma, 2006),
image annotation (Feng, Jin, & Jain, 2013; Verma & Jawahar, 2012),
image set classification (Lu, Wang, Deng, Moulin, & Zhou, 2015; Lu,
Wang, & Moulin, 2013), document classification (Lebanon, 2006),
target detection (Dong, Zhang, Zhang, & Du, 2015; Du & Zhang,
2014a, b). But there is no one method fit for all the tasks, confirms
the No-free-lunch theorem (Shalev-Shwartz & Ben-David, 2014;
Wolpert & Macready, 1997). It is necessary to make a survey on
these literatures to analyze and compare them, giving suggestions
on the selection of these methods. Most of the existing surveys
divide metric learning methods into several categories generally,
according to the availability of supervision information or the
formation of the metric(linear or nonlinear) (Bellet, Habrard, &
Sebban, 2013; Kulis, 0000; Liu, 2006; Moutafis, Leng, & Kakadiaris,
2017; Wang & Sun, 2015). And brief analyses are provided without
systematic comparisons or empirical verification in these surveys.
Moutafis et al. make experimental survey recently, which covers
only a few papers, from 2011 to 2013. It ignores many classical
and effective methods that proposed before 2011. So we give an
experimental survey more comprehensively in this paper, com-
plementary to the previous surveys. In this paper, we make an
experimental study on distance metric learning literatures that
presented from 2003 to 2017. The selected papers are all published
on famous conference or journals, which are given in Table 1. We
try to investigate as many papers as possible, but the papers with
high citations are preferred due to their influence and the space
limitation of our paper. We will first give a taxonomy for metric
learning and introduce the methods briefly. The algorithms are
classified into five categories, pairwise cost approaches, proba-
bilistic framework methods, boost-like approaches, advantageous
variants and specific applications. The key point of our paper is to
explore the ability of these methods in improving the performance
of kNN classification, filling the gaps in the field. The survey can be
regarded as a complementary material of the previous surveys.

The rest of the paper is organized as follows. In Section 2, the
definition of metric learning is given and a summary overview is

introduced to make readers be familiar with previous surveys on
metric learning. Metric learning taxonomy is presented in Section 3
and the previous methods will be introduced in five categories re-
spectively. In Section 4, numerical experiments will be conducted
to compare the performance of the selected methods on various
datasets. Conclusions are summarized in Section 5.

2. The nature of metric learning

In this section, we will describe the definition of metric learning
and then introduce the brief history for metric learning.

2.1. Problem definition

In traditional machine learning, the performance of distance
related methods depends heavily on distance measurement. Give
a classification training set

T = {(xi, y)}iL1, (2.1)

where x; € R" is a input feature vector and y; € {1, 2, ..., c} is the
corresponding label. In kNN classification, an unlabeled example is
predicted by the majority label of its nearest samples. Generally,
the distance between two examples x;,x; € R" is defined by
Euclidean distance(squared),

dxi, %) = (% — %) (% — %) = [1% — x| (2.2)

Due to the drawbacks of Euclidean distance, it can be improved
to be a generalized Mahalanobis distance with respect to a data-
dependent metric M, which can be learned from the training data.
And then the new distance between x;, X; € R" is computed by

du(xi, %)) = (xi — %) M(x; — x;), (2.3)

where M should satisfy four conditions, including distinguishabil-
ity, non-negativity, symmetry and triangular inequality (Royden &
Fitzpatrick, 1988; Wang & Sun, 2014). In short, M must be a positive
semidefinite matrix. The key is how to learn a desired metric from
the data at hand. The target of metric learning is to make similar
points nearer and dissimilar points farther from each other. In
supervised condition, where labels are available or semisupervised
condition, where pairwise label relations are given, the constraints
that shrink intra-class distance and expand inter-class distance can
be developed based on label information. A desired metric can be
learned under such constraints or their variants. Two sets can be
constructed, similar set

S = {(xi, x)lyi = y;}, (2.4)
and dissimilar set

D = {(xi, x)lyi # 5}, (2.5)
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Fig. 1. A concept illustration of metric learning. There are two classes, orange
squares and blue circles. Metric learning aims to separate the two classes in global
range or local neighborhood. (GMD denotes generalized Mahalanobis distance, w.r.t
denotes with respect to.)

based on supervision information. All the methods in metric learn-
ing make efforts in one or two sides of the following two optimiza-
tions,

min > dulxi, x) (26)
(xi,%j)eS

and

mh?x Z du(xi, X;). (2.7)
(X,‘,Xj)GD

Once the total distance in Eq. (2.6) can be minimized and/or the
distance in Eq.(2.7) can be maximized, each example is nearer to its
similar examples and farther from its dissimilar examples, leading
to improvements on the prediction accuracy of kNN classification.
A concept illustration of metric learning is given in Fig. 1.

Since any positive semidefinite matrix can be decomposed into
M = LTL, then Eq. (2.3) can be rewritten as

du(xi, ;) = (xi — ;) LT L(x — x;) = ||Lx; — Lx;]|°. (2.8)

The equation shows that the generalized Mahalanobis distance dy,
equals to Euclidean distance in a transformed space. So learning
a positive semidefinite metric M is equivalent to learning a linear
transformation L. In fact, the transformation is not limited to linear
case, nonlinear transformation may obtain better performance.
The distance between x;, x; € R" under nonlinear mapping ¢ can
be defined as

dg(xi, %) = llpxi — x;1°. (2.9)

In a word, a generalized metric learning means to learn a linear or
nonlinear transformation to map the original examples into a new
space, in which within-class distance is shrinked and between-
class distance is expanded. Then kNN classification can perform
better in the transformed space.

2.2. A summary overview of metric learning

Metric learning has been an active topic in machine learning
and many researchers had made comprehensive surveys in recent
years to emphasize the significance of metric learning. Yang and
Jin had summarized the metric learning methods that proposed
from 1980s to 2006 (Liu, 2006). They argue that manifold learning
is a kind of unsupervised metric learning since the main idea
of manifold leaning is to learn an underlying low-dimensional
manifold where geometric relationships are still preserved. In
discussion of supervised metric learning, global metric learning
and local metric learning are introduced separately. Global metric
learning make constraints on the whole dataset but local metric
learning constrains data points in a local neighborhood. Due to the
similarity between SVM and metric learning, both of which aim to
maintain large margin between different classes, some variants of

metric learning based on SVM had been introduced. At last, kernel
methods for metric learning are summarized. Compared with the
previous linear transformation related metric learning methods,
kernel methods make nonlinear transformation and extract non-
linear information to get better performance. The survey is one of
the earliest summarizations of metric learning methods. However,
many methods in this survey are outdated and the taxonomy is too
general to show the essential characters of the methods. In 2012,
Brian Kulis made a survey on metric learning in the view of space
transformation (Kulis, 0000). In linear transformation case, regu-
larized transformation learning with different regularizers are in-
troduced, including Frobenius norm regularizer, linear regularizer
and LogDet regularizer. The optimization techniques that useful
in metric learning are explained detailedly. In nonlinear case, the
kernel versions of linear methods are illustrated in detail. In the
end, some extensions on metric learning are summarized, metric
learning for kernel regression, ranking and dimension reduction
are included. This work make deeper analysis on metric learning,
especially generalized common points of math formulation, such
as regularizer, optimization algorithm. Bellet et al. gave a survey
on metric learning for feature vectors and structured data in
2014 (Bellet et al., 2013). First, supervised Mahalanobis metric
learning methods are introduced and they are divided into several
categories, nearest neighbor approaches, information-theoretic
approaches, online approaches, multi-tasks approaches, etc. Then
some other extensions and highly related topics are presented,
such as nonlinear metric learning, local metric learning, semi-
supervised metric learning, similarity learning. The followed part
focuses on metric learning methods for structured data. Metric is
regarded as an attractive proxy to access structured data. Later,
Wang and Sun summarized distance metric learning methods and
their relationships with dimension reduction, in 2015 (Wang &
Sun, 2015). According to the provided label information, three
classes are introduced respectively, unsupervised metric learning,
supervised metric learning and semi-supervised metric learning.
Some advanced topics are summed up in the following chapter,
online metric learning, transfer metric learning, Bayesian active
metric learning. The mentioned methods can be fit into a general
framework to make readers understand the principles more easily.
The above mentioned surveys just introduce the existing methods
generally and give brief analysis for these methods. They do not
make comprehensive comparisons among the proposed methods
theoretically or experimentally. Moutafis et al. make empirical
study on metric learning methods recently (Moutafis et al., 2017).
The study focuses on the literatures that published from 2011
to 2013 and divides them into five classes, ensemble, nonlinear,
regularized, probabilistic and cost-variant. The experiments are
conducted on the selected LFW dataset to compare the perfor-
mances of different methods. The experimental survey does not
cover the papers that published before 2011, which may be very
effective in learning metric. The experiments on only one dataset
cannot really validate the ability of the methods in improving kNN
comprehensively. In a word, the study is too narrow, should be
extended with more literatures. Therefore, an experimental survey
is made in this paper to cover the shortages of the existing sur-
veys, analyzing the literatures briefly and providing experimental
evidences to validate the ability of these methods in improving
performance of kNN. It should be noted that, in our opinion,
manifold learning does not change the intrinsic structure of the
original space and cannot use label information to alter intra-class
distance and inter-class distance. So unsupervised metric learning
will not discussed in our paper.

3. Metric learning taxonomy

In this section, a taxonomy for metric learning methods is
proposed to review this research field from various sides. The time
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range of our study is from 2003, when the first supervised method
on metric learning is introduced, to 2017. And all the papers are
selected from top conference and journals, which are shown in
Table 1. According to their most distinguished character, the se-
lected methods will be divided into five categories: (1) Pairwise
cost, the main idea of which is to construct optimization problem
based on the cost of pairwise distance. (2) Probabilistic frame-
work, in which the probability idea is embedded. (3) Boost-like
approaches, which decompose a single metric into a combination
of several weak metrics for easier learning. (4) Advantageous vari-
ants. Some other algorithms are used to improve the performance
of metric learning. (5) Specific applications. Metric learning has
been applied in various particular tasks.

3.1. Pairwise cost

The basic idea in metric learning is to shrink intra-class dis-
tance and expand inter-class distance. The most direct way is to
construct optimization problem based on the cost information of
pairwise distance. For the given training set (2.1) and a defined
metric M, pairwise distance can be classified into two categories,
within-class distance,

du(xi, %) = (xi — %) " M(x — ), (X1, %) € S (3.1)

which should be minimized for high cohesiveness, and between-
class distance,

du(xi, %) = (xi — %) M(x; — %), (xi, %) € D (3.2)

which should be maximized for high scatterness.
A generalized framework with pairwise cost can be presented
as

T = ML1(dY) 4+ raL2(d®) + A3L5(dY, dP) (33)

where dV, df denote the total within-class distance and between-
class distance respectively. And Aq, A,, A3 are all non-negative
trade-offs. In Eq. (3.3), the first and second term represent the
absolute cost in terms of intra-class distance and inter-class dis-
tance severally. The third term measures the relative cost in terms
of the weighted difference/ratio between intra-class distance and
inter-class distance, which can be crystallized as £3(d" — Cd®) or
£3(CdV /dPB) (C is a positive weight). The metric learning methods
in the category of pairwise cost can be divided into two classes,
absolute cost(A3 = 0) and relative cost(A3 # 0).

3.1.1. Absolute cost

Methods in this subclass focus on optimizing the absolute pair-
wise distance, give an upper bound for intra-class distance and/or
a lower bound for inter-class distance or just minimize intra-class
distance and/or maximize inter-class distance directly. One of the
earliest method in metric learning is proposed by Xing, Jordan,
Russell, and Ng (2002) in 2003, which formulates metric learning
as a convex optimization problem using side-information. The
method, termed as MLSI in this paper, aims to minimize within-
class distance, subject to that the between-class is confined to
be lower than a threshold. The problem is solved by an iterative
projection algorithm, resulting in high computational complexity
and time-consuming convergence. DML-eig (Ying & Li, 2012) is
proposed to make improvements on MLSI, which maximize the
minimal distances between dissimilar samples with within-class
distance constrained by an upper bound. The primary problems
can be converted into an equivalent formulation, presented as
eigenvalue optimization.

Logdet-linear (Jain, Kulis, Davis, & Dhillon, 2012) and PCCA
(Mignon & Jurie, 2012) both give an upper bound for distance of
similar pairs and a lower bound for distance of dissimilar pairs. The

difference between them is the cost function, logdet-linear aims to
minimize the logdet divergence between the target metric M and a
predefined metric My while PCCA seeks to maximize the difference
between each distance and its corresponding bound. DDML (Hu,
Lu, & Tian, 2014) combines the idea of metric learning and deep
learning, which looks for multiple nonlinear transformations by
constructing multi-layer neural networks. The distance between
similar points is required to be smaller than a predefined constant
7 minus one and the distance between dissimilar points is forced
to be larger than 7 + 1. Similar to PCCA, the method maximizes
the total differences between each distance and its corresponding
bound using logistic loss function. RCA (Bar-Hillel, Hertz, Shental, &
Weinshall, 2005) directly minimizes the sum of distances between
each point and its corresponding class center.

3.1.2. Relative cost

In view of kNN, the absolute values of intra-class distance and
inter-class distance are not so important since correct prediction of
an unlabeled sample is resulting from that similar point is nearer
than dissimilar point to the sample. Briefly speaking, the fact that
within-class distance is smaller than between-class distance is
favorable to kNN. So it is promising to develop metric learning
methods in consideration of relative distance. If A3 % 0in Eq. (3.3),
the weighted difference between intra-class distance and inter-
class distance is an important term in pairwise cost. Minimizing
relative cost enforces inter-class distance larger than intra-class
distance as much as possible. The most directly way to learn metric
using relative cost is let .y = A, = 0 and just to optimize
L3. SMLP (Rosales & Fung, 2006), CMM (Wang, 2011), FrobMet-
ric (Shen, Kim, Liu, Wang, & Van Den Hengel, 2014), DML (Hu, Lu,
& Tan, 2016) and MLLS (Song, Xiang, Jegelka, & Savarese, 2016) are
all proposed to maximize the difference between average inter-
class distance and intra-class distance. A regularizer of Frobenius
norm is placed in both SMLP and FrobMetric to learn a sparse
metric. Linear programming method is applied in solving SMLP. An
L;-penalized log-determinant regularization is used in SDML (Qi,
Tang, Zha, Chua, & Zhang, 2009) to learn an efficient sparse metric.
Since any positive semi-definite matrix can be decomposed into
M = LTL, the primary problem of CMM can be solved by eigen-
value decomposition by enforcing LLT be equal to identity matrix.
In FrobMetric, an efficient dual approach is derived to obtain a
desired metric. DML learns a nonlinear distance metric by a neural
network. Lifted structured feature embedding is implemented in
MLLS for high ability of discrimination. RDC (Zheng, Gong, & Xiang,
2013) also minimize the relative cost £3(d" — Cd®) individually,
but with logistic loss function. To solve the optimization problem
easier, the inner product of any two column vectors of the metric is
forced to be zero. LRML (Hoi et al., 2008) puts the cost of unlabeled
examples into the original relative cost to learn a metric from semi-
supervised problems. The weighted difference between d" and d?
can be put into constraints with cost variants in the objective func-
tion. By enforcing d¥ — d® > t (t is a threshold), LDMRC (Schultz &
Joachims, 2004) and SML (Ying, Huang, & Campbell, 2009) aims to
minimize the norm of metric or its factor. But LMNN (Weinberger,
Blitzer, & Saul, 2005) and LMCA (Torresani & Lee, 2006) just to opti-
mize the intra-class distance, in which A; # 0, A, = 0. A variant of
LMNN, termed as mLMNN, which was proposed in company with
LMNN, learns multiple metrics for each class since a global linear
transformation may not be sufficiently powerful to extract class-
specific information. PLML (Wang, Kalousis, & Woznica, 2012) is
a multi-metric version of LMNN, each metric corresponds to a
local region. LMNLM (Chali, Liu, Chen, & Bao, 2010) is a variant of
LMNN, enforcing each sample be near to its corresponding class
centroid as much as possible and far away from other centroids in
a unit distance. The principle of topology preserving is employed in
RSSML (Wang, Yuen, & Feng, 2013) to obtain desired metric from
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semi-supervised problems. The ratio of within-class distance and
between-class distance can also be used as relative cost. DCA (Hoi
et al., 2006) and MLPC (Baghshah & Shouraki, 2009) are two clas-
sical methods in adopting such ratio. But in MLPC, an extra goal is
sought that the linear reconstruction error should be minimized.
Both methods can be kernelized to extract nonlinear information
from training data. Similar as MLPC, RMML (Lu, Wang, Deng, &
Jia, 2015) is a reconstruction-based multimetric learning method,
which aims to make intra-class reconstruction residual as small as
possible and inter-class reconstruction residual as large as possible.

3.2. Probabilistic framework

Methods in probability framework construct optimization
problems based on probability theory, using distance information.
The method first defines probability distribution based on distance
and metric, p(x;, x;; M), and then establish objective function by
Maximum Likelihood Estimate (MLE)

mNelnx p(xi, xj; M) (3.4)

st. M>0 (3.5)

or match the distribution with a predefined and ideal distribution
p(xi, X Mo)

max dp(p(xi, X;; M), p(x;, Xj; Mo)) (3.6)

st. M>0 (3.7)

where My is a predefined matrix and d,(-) measures the difference
between two distribution, one common function is KL divergence.
The idea of MLE is used in NCA, KISSME, LDML, RS-KISS, LCA, LDM
and SERAPH. And MCML and ITML try to match two probability
distribution. NCA (Goldberger, Hinton, Roweis, & Salakhutdinov,
2004) defines probability distribution based on the idea that each
point selects another point as a neighbor with some probability
related with their distance. The probability of that each point
is similar to its neighbor is maximized in NCA. The method is
suffer from high computational complexity since the leave-one-
out performance is optimized. NCA had been developed into two
variants (Hong, Li, Jiang, & Tu, 2011): sparse version and mixed
version. The trace norm of the metric is added in the sparse model.
In the mixture model, divide and conquer approach is employed
and multiple metrics are learned to fit different local regions.
MCML (Globerson & Roweis, 2005) and LDM (Yang, Jin, Sukthankar,
& Liu, 2006) define similar probability distribution as NCA based
on the distance information of similar pairs and dissimilar pairs.
MCML aims to minimize the Kullback-Leibler divergence between
the defined distribution and the ideal ‘bi-level’ distribution, which
tries to collapse similar points to a single point and push dissimilar
points infinitely far away from each other. In LDM, maximum
log-likelihood estimation is used and the bound optimization al-
gorithm (Salakhutdinov & Roweis, 2003) is applied to solve the
method. NCMML (Mensink, Verbeek, Perronnin, & Csurka, 2013)
is proposed on the basis of multi-class logistic regression, using
the distance between each example and its corresponding class
centroid. The log-likelihood of the correct predictions is to be
optimized to learn the metric. Gaussian-like probability distribu-
tion is adopted in ITML (Davis, Kulis, Jain, Sra, & Dhillon, 2007),
KISSME (Koestinger, Hirzer, Wohlhart, Roth, & Bischof, 2012) and
LCA (Der & Saul, 2012) to approximate the true distribution. In
ITML, the relative entropy between two multivariate Gaussians,
parametrized by the target metric and a predefined metric respec-
tively, is minimized. And the constraints that the pairwise dis-
tances are restrained by absolute bounds are incorporated. KISSME
constructs a log-likelihood ratio test from the view of statistical

inference. The distance metric can be obtained by projection and
eigenanalysis. RS-KISS (Tao et al., 2013) makes improvements on
KISS, which combines regularization and smoothing techniques
for robust matrices. LCA introduces latent variables into the prob-
ability distribution which can locate examples in a latent space
with lower dimension. LDML (Guillaumin et al., 2009) defines the
probability that two points are similar using sigmoid function,
parametrized by the distance of the two points. The constructed
linear discriminant model can be optimized by gradient descent.
Similar as ITML, SERAPH (Niu, Dai, Yamada, & Sugiyama, 2014) is
also a information-theoretic approach, in which the entropy of the
probability on labeled data is maximized and on unlabeled data
is minimized. BAYES (Yang, Jin, & Sukthankar, 2012) estimates a
posterior distribution by a Bayesian framework. SCA (Changpinyo,
Liu, & Sha, 2013) constructs a probabilistic graphical model.

3.3. Boost-like methods

In metric learning, the constraint of positive semidefinite on the
target metric is a necessary condition for completeness. However,
the constraint is hard to deal with, which often leads to intractable
solution or very time-consuming algorithm. Boost-like methods
try to decompose the data-dependent metric into a linear combi-
nation of sub-metrics with weak constraints, namely,

M=) oM (3.8)

where M; is a matrix which can be learned in an easier way.
Commonly, M; is restricted to be a trace-one rank-one matrix. The
target metric can be regarded as a strong learner and the sub-
metrics are weak learners. The strong learner can be generated
by adding weak learners to it incrementally. BoostMetric (Shen,
Kim, Wang, & Hengel, 2009), DRMetric (Liu & Vemuri, 2012) and
MetricBoost (Bi et al., 2011) decompose a positive semidefinite
matrix into a convex combination of rank-one trace-one positive
semidefinite matrices and employ the idea that distance between
dissimilar pairs should be larger than distance between similar
pairs as much as possible. BoostMetric constructs a nonlinear
problem with exponential loss and a trace regularized term. Coor-
dinate descent optimization is applied to solve the Lagrange dual
problem after the base metrics be learned by eigen-decomposition.
DRMetric aims to maximize a soft margin in linear formulation
and regularizer variants can be added into the primary problem
or the dual problem for the solutions. MetricBoost minimizes the
overall error rate characterized by the give distribution of triplets
and the indicator function with respect to relative distance in-
formation over the triplets. A bipartite strategy is employed to
reduce computation cost in the method. REMetric (Kozakaya, Ito,
& Kubota, 2011) is proposed based on ensemble learning scheme,
which optimize local objective function for sampled training data.
The whole training data is randomly subsampled and multiple
discriminative projection vectors are learned from linear support
vector machines. The target metric is obtained by combining these
vectors. BoostMDM (Chang, 2012) defines a leave-one-out error
with 6-clipped loss function and learns the metric by adding base
learners to the metric iteratively. The EM algorithm (Moon, 1996)
is applied to get the solution.

3.4. Advantageous variants

In this section, we will introduce diverse variants in met-
ric learning, which combine metric learning with other learning
framework, to improve the performance of classification models
that only the technique of metric learning used. POLA (Shalev-
Shwartz, Singer, & Ng, 2004 ), LEGO (Jain, Kulis, Dhillon, & Grauman,
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2009), SOML (Gao, Hoi, Zhang, Wan, & Li, 2014) and MDML (Kuna-
puli & Shavlik, 2012) all learn distance metric by online learning,
where constraints are available incrementally and the metric can
be obtained with an updating rule. For the time t, model receives
several samples x;1, ..., X, the metric can be update by

My = M1 + Q(x1, - -

where Q is a matrix generated by x;1, . . ., X;m and M;_1. The model
with online learning have several advantages: (1) they can deal
with large-scale problem; (2) the updation can ensure the property
of positive semidefinite; (3) for the problem with data stream,
the metric can be updated timely. So the combination of met-
ric learning and online learning obtains competitive performance
in classification. POLA iteratively receives pairs of instances and
computes their similarity using a pseudo-metric, then updates the
pseudo-metric by successive projections onto the positive semi-
definite cone and onto half-space constraints imposed by the re-
ceived examples. LEGO updates a target metric based on LogDet
regularization and gradient descent. The method performs well
in both online case and offline counterpart. SOML learns a sparse
distance function, updated by online gradient descent, to deal with
high-dimensional image data. The advantages of sparsity and high
computational efficiency make the model be competitive to other
methods. MDML is an online regularized metric learning, updating
metric based on the framework of composite objective mirror
descent. It is scalable to large-scale datasets and kernelizable to
nonlinear metric learning. Structural learning is combined with
metric learning in MLR (McFee & Lanckriet, 2010) and R-MLR (Lim,
Lanckriet, & McFee, 2013), optimizes W to minimize a ranking
loss function A : Y x Y — R over permutations Y induced
by distance. Inspired by structural SVM (Joachims, Finley, & Yu,
2009; Yu & Joachims, 2009), MLR casts the problem of prediction
by nearest neighbor as a ranking problem and regard the error rate
on predicted label as a loss function. R-MLR is a robust extension to
MLR, enforcing group sparsity on the learned metric. It can identify
informative features when a large proportion redundant features
exist. To extract nonlinear information from input features, non-
linear transformation is often applied directly or in kernel formu-
lation to map original features into a new space. GB-LMNN (Kedem,
Tyree, Sha, Lanckriet, & Weinberger, 2012) and DNLML (Cai et al.,
2012) both introduce nonlinear mapping directly to learn a metric.
GB-LMNN applies gradient boosting to learn a nonlinear trans-
formation, instead of traditional linear transformation, to shrink
intra-class distance and expand inter-class distance in the mapped
space. The approach enjoys the advantages of robustness, speed
and insensitivity. DNLML constructs a multi-layer neural network
and make nonlinear transformation by nonlinear activate function.
In the transformed space, the probability of that two points are
similar or not is optimized. MLKR (Weinberger & Tesauro, 2007),
ML-MKL (Wang, Do, Woznica, & Kalousis, 2011), KDML (He, Chen,
Chen, & Mao, 2013), MKMLR (Galleguillos, McFee, & Lanckriet,
2014) and EWFC (Wang, Deng, Choi, Jiang, Luo, Chung, & Wang,
2016) introduce kernel function to metric learning to learn metric
from kernelized data. The method introduces nonlinear mapping ¢
and learns metric M(or linear transformation L) in the new space,
the distance between x;, x; can be denoted as

o> Xemy Me—1) (3.9)

d(xi, %) = (¢(x) — 9(x)) M(p(x;) — p(x;)).

If M can be parametrized as M(¢), the kernel function K(x;, ;) =
go(x,-)Tgo(xj) can be introduced. So kernel learning will be embedded
in metric learning for better performance. MLKR learns a distance
metric for a distance-based kernel function, to improve the per-
formance of nonlinear regression. The leave-one-out regression
error is minimized to obtained the optimal metric. Kernel density
estimation is applied in KDML to make nonlinear mapping, and

(3.10)

the distance metric is learned from the new space. KDML can
deal with not only numerical features bust also categorical ones.
Metric learning with multiple kernels is implemented in ML-MKL
since a linear transformation in traditional metric learning is not
always appropriate and predefined kernel limits the expressive-
ness of the method. MKMLR employs multiple kernel learning and
metric learning to integrate heterogeneous features in a nearest
neighbor setting effectively. EWFC (Wang et al., 2016) combines
soft subspace clustering and metric learning in a composite kernel
space. MPCK-means (Bilenko, Basu, & Mooney, 2004) first divides
the whole dataset into several clusters by K-means and then learn
a metric for each cluster by minimizing cluster dispersion. The
local metrics can extract more information to obtain better perfor-
mance. MDM (Yu, Jiang, & Zhang, 2011) is aiming to maximize the
minimal between-class distance, which is measured between the
two class centroids. MLMNP (Sohn, 2016) constructs multi-class
N-pair loss to address the problem of slow convergence that
appeared in contrastive loss and triplet loss. Some other exten-
sions on metric learning have been proposed, including graph
learning (JLLDM (Liu, Wang, Hong, Zha, & Hua, 2010)), hashing
learning (HDML (Norouzi, Fleet, & Salakhutdinov, 2012)), similarity
learning (Sub-SML (Cao et al., 2013)), particular distance function
(P/S-SDML (Zhu, Zhang, Zuo, & Zhang, 2013)), new empirical risk
function (LLML (Bian & Tao, 2011)).

3.5. Specific applications

Due to the strong ability in measuring similarity, metric learn-
ing has been applied in different specific applications, including
multi-instance problem, multi-view problem, multi-task problem,
multi-label problem, transfer learning, for better performance.

Multi-instance problemis a particular kind of classification task,
in which each example is presented as a bag, a set with multiple
instances. A bag is labeled as positive if at least one instance
is positive, otherwise negative. The similarity between bags is
an important issue in multi-instance learning. Learning a data-
dependent bag distance function may improve the performance
of the state-of-the-art methods. MildML (Guillaumin et al., 2010),
MIML (Xu et al., 2011) and MLMIML (Jin et al., 2009b) all intro-
duce metric learning into multi-instance problem. For multi-view
learning, each training sample is provided with several views, the
information from which is different but may be complementary.
It is a challenge to integrate different views to improve learning
performance. Since metric learning can be used to make similarity
measurement with a data-dependent metric on a single view, it
is tractable to learn multiple metrics, each metric corresponds to
a single view due to heterogeneous features in different views.
Several methods make efforts in multi-view metric learning, in-
cluding LM3L (Hu, Lu, Yuan et al., 2014), SSM-DML (Yu et al.,
2012), HMML (Zhang et al., 2013). Multi-task problem is a kind
of joint learning, multiple tasks are learned in parallel but interact
with each other. Traditional learning paradigm in machine learning
is a single task learning, with only one model be output. Multi-
task learning, often originated from a complex problem, which
cannot be solved by a single model, constructs multiple models and
combine these models to process the source problem. For each sub-
task, a desired metric can be learned but the connection between
different metrics should be considered. mt-LMNN (Parameswaran
& Weinberger, 2010), mt-von (Yang et al., 2013) and mtMCML (Ma
et al., 2014) can deal with such problem. Multi-label problem is
a classification task where each example is labeled by more than
one label, and every two examples may be have both similar and
dissimilar labels. The similarity between two examples in such
problem is not determined, which give a challenge to metric learn-
ing. Three methods, MLMIML (Jin et al., 2009b), LC2I-L1 (Wang, Gao
etal.,2012), LM-kNN (Liu & Tsang, 2015), have tried to solve multi-
label classification by learning a metric. Transfer learning aims to
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Table 2
Characters of metric learning methods.
Category Algorithm Property taxonomy
Publication L/G L/N DR  R/A RT  SP KE CR
MLSI (Xing et al., 2002) 2003NIPS Global  Linear No Absolute  No Semi-supervised  No 1991/13
LDMRC (Schultz & Joachims, 2004) 2003NIPS Global  Linear No Relative Yes  Supervised No 372/13
RCA (Bar-Hillel et al., 2005) 2005JMLR Global  Linear Yes  Absolute No Semi-supervised ~ No 483/11
LMNN (Weinberger et al., 2005) 2005NIPS Local Linear Yes  Relative No Supervised No 1029/11
SMLP (Rosales & Fung, 2006) 2006KDD Global  Linear Yes  Relative Yes  Supervised No 57/10
LMCA (Torresani & Lee, 2006) 2006NIPS Local Linear Yes  Relative No Supervised Yes  150/10
DCA (Hoi et al., 2006) 2006CVPR Global  Linear No Relative No Semi-supervised  Yes  219/10
LRML (Hoi et al., 2008) 2008CVPR Both Linear No Relative No Semi-supervised  No 98/8
MLPC (Baghshah & Shouraki, 2009) 20091JCAI Global  Linear No Relative No Semi-supervised  Yes  67/7
SML (Ying et al., 2009) 2009NIPS Global  Linear Yes  Relative Yes  Supervised No 64/7
online-reg (Jin, Wang, & Zhou, 2009a) ~ 2009NIPS Global  Linear No Absolute  Yes  Supervised No 81/7
SDML (Qi et al., 2009) 2009ICML Global  Linear No Absolute  Yes  Supervised No 52(7
Pairwise LMNLM (Chai et al., 2010) 2010SP Global  Linear No Relative Yes  Supervised No 18/6
cost SPML (Shaw, Huang, & Jebara, 2011) 2011NIPS Global  Linear No Relative Yes  Supervised No 34/5
CMM (Wang, 2011) 2011TCYB Global  Linear No Relative No Semi-supervised  Yes  37/5
logdet-linear (Jain et al., 2012) 2011JMLR Global  Linear No Absolute  No Supervised Yes  94/4
DML-eig (Ying & Li, 2012) 2012JMLR Global  Linear No Absolute  No Supervised No 128/4
PCCA (Mignon & Jurie, 2012) 2012CVPR Global  Linear No Absolute  No Semi-supervised  Yes 196/4
PLML (Wang, Kalousis et al., 2012) 2012NIPS Local Linear No Relative Yes  Supervised No 40/4
RSSML (Wang et al., 2013) 2013PR Global  Linear No Relative Yes  Semi-supervised  No 17/3
RDC (Zheng et al., 2013) 2013PAMI Global  Linear No Relative No Supervised No 194/3
FrobMetric (Shen et al., 2014) 2013TNN Global  Linear No Relative Yes  Supervised No 11/2
DDML (Hu, Lu, & Tian, 2014) 2014CVPR Global  Nonlinear No Absolute  Yes  Supervised No 90/2
RMML (Lu et al., 2015) 2015TIFS Global  Linear No Relative Yes  Supervised No 12/1
DML (Hu et al., 2016) 2016TCSVT Global  Nonlinear  No Relative Yes  Supervised No 4/1
MLLS (Song et al., 2016) 2016CVPR Global  Nonlinear No Relative No Supervised No 61/1
NCA (Goldberger et al., 2004) 2004NIPS Local Linear Yes  Absolute  No Supervised No 960/12
MCML (Globerson & Roweis, 2005) 2005NIPS Global  Linear Yes  Absolute  No Supervised Yes  514/11
LDM (Yang et al., 2006) 2006AAAI Local Linear No Absolute  No Supervised No 134/10
ITML (Davis et al., 2007) 2007ICML Global  Linear No Absolute  No Both Yes  987/9
LDML (Guillaumin et al., 2009) 2009ICCV Global  Linear No Absolute  No Supervised No 407(7
Probabilistic ms-NCA (Hong et al., 2011) 20111CCcvV Global  Linear Yes  Absolute Yes  Supervised No 20/5
framework KISSME (Koestinger et al., 2012) 2012CVPR Global  Linear No Absolute  No Semi-supervised ~ No 264/4
LCA (Der & Saul, 2012) 2012NIPS Global  Linear Yes  Absolute No Supervised No 10/4
BAYES (Yang et al., 2012) 2012UAI Global  Linear No Absolute  No Supervised No 43/4
RS-KISS (Tao et al., 2013) 2013TCSVT Global  Linear No Relative Yes  Supervised No 61/3
NCMML (Mensink et al., 2013) 2013PAMI Global  Linear No Absolute  No Supervised No 40/3
SCA (Changpinyo et al., 2013) 2013NIPS Global  Linear No Absolute  No Supervised No 5/3
SERAPH (Niu et al., 2014) 2014NC Global  Linear No Absolute  Yes  Semi-supervised  No 25/2
BoostMetric (Shen et al., 2009) 2009NIPS Global  Linear No Relative Yes  Supervised No 70/7
Boost-like MetricB'oost (Bietal,2011) 2011CVPR Global L@near No Relative No Superv?sed No 21/5
methods REMetric (Kozakaya et al., 2011) 2011ICCV Local Linear Yes  Absolute Yes  Supervised No 15/5
BoostMDM (Chang, 2012) 2011PR Globsl Linear No Relative No Supervised No 13/4
DRMetric (Liu & Vemuri, 2012) 2013ECCV Global  Linear No Relative Yes  Supervised No 12/4
POLA (Shalev-Shwartz et al., 2004) 2004ICML Global  Linear No Absolute  No Supervised Yes  251/12
MPCK-means (Bilenko et al., 2004) 2004ICML Global  Linear No Absolute  Yes  Semi-supervised  No 685/12
MLKR (Weinberger & Tesauro, 2007) 2007JMLR Global  Linear Yes  Absolute No Supervised Yes  72/9
LEGO (Jain et al., 2009) 2009NIPS Global  Linear No Absolute  No Both No 119/7
MLR (McFee & Lanckriet, 2010) 2010ICML Global  Nonlinear  No Relative Yes  Supervised No 163/6
R-MLR (Lim et al., 2013) 2013]JMLR Global  Nonlinear  No Relative Yes  Supervised No 39/3
JLLDM (Liu et al., 2010) 2010TCYB Global  Linear No Absolute  Yes  Semi-supervised  No 21/6
ML-MKL (Wang et al., 2011) 2011NIPS Global  Nonlinear  No Absolute  Yes  Supervised Yes 39/5
LLML (Bian & Tao, 2011) 20111JCAI Global  Linear No Absolute  No Semi-supervised ~ No 25/5
Advantageous MDM (Yu et al,, 2011) 2011PR Global  Linear No Absolute  Yes  Supervised No 9/7
variants HDML (Norouzi et al., 2012) 2012NIPS Global  Nonlinear Yes  Relative Yes  Supervised No 95/4
GB-LMNN (Kedem et al., 2012) 2012NIPS Local Nonlinear  Yes  Relative No Supervised No 70/4
DNLML (Cai et al., 2012) 2012ACMMM  Global  Linear No Absolute  No Semi-supervised ~ No 22/4
MDML (Kunapuli & Shavlik, 2012) 2012ECML Global  Linear No Absolute  Yes  Supervised Yes 13/4
SOML (Gao et al., 2014) 2014AAAI Global  Linear No Relative Yes  Supervised Yes 19/2
Sub-SML (Cao et al., 2013) 2013ICCcV Global  Linear No Absolute  Yes  Supervised No 62/3
P/S-SDML (Zhu et al., 2013) 2013ICCV Global  Linear No Absolute  Yes  Supervised No 24/3
KDML (He et al., 2013) 2013I1CDM Local Nonlinear  No Relative No Supervised Yes 13/3
MKMLR (Galleguillos et al., 2014) 20141jcv Global  Linear No Absolute  Yes  Supervised Yes 7)2
MLMNP (Sohn, 2016) 2016NIPS Global  Nonlinear  No Relative Yes  Supervised No 0/1
EWFC (Wang et al., 2016) 2016PR Local Nonlinear  No Absolute  Yes  Unsupervised Yes 7/1

predict target domain data by the model trained by source domain
data. Metric learning can be applied in this field by transferring a
generic metric from source domain to a specific metric in target
domain. The information carried by the generic metric can be used

(continued on next page)

to strengthen the ability of the specific metric. TML (Li et al., 2012),
M?2SL (Wang, Jiang, et al., 2012) and CDML (Wang et al., 2014)
make transfer metric learning with competitive performance. Met-
ric learning is applied in other applications, including structured
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Table 2 (continued)

Category Algorithm Property taxonomy
Publication L/G L/N DR R/A RT SP KE CR

HDLR (Davis & Dhillon, 2008) 2008KDD Global  Linear No Absolute  No Supervised No 49/8
MLMIML (Jin, Wang, & Zhou, 2009b) 2009CVPR Global  Linear No Absolute  No Supervised No 53/7
MildML (Guillaumin, Verbeek, & 2010ECCV Global Linear No Absolute  No Supervised No 82/6
Schmid, 2010)
mt-LMNN (Parameswaran & 2010NIPS Local Linear No Relative Yes  Supervised No 130/6
Weinberger, 2010)
USML (Cinbis, Verbeek, & Schmid, 2011ICCV Global Linear No Absolute  No Unsupervised No 70/5
2011)
MIML (Xu, Ping, & Campbell, 2011) 2011ICDM Global  Linear No Absolute  No Semi-supervised  No 13/5
AggkNN (Verma, Mahajan, 2012CVPR Global  Linear No Absolute  Yes  Supervised No 42/4
Sellamanickam, & Nair, 2012)

Specific TML (Li, Zhao, & Wang, 2012) 2012ACCV Global  Linear No Relative Yes  Supervised No 110/4

applications LC2I-L1 (Wang, Gao, & Chia, 2012) 2012ECCV Global Linear No Relative Yes  Supervised No 7/4
2PKNN (Verma & Jawahar, 2012) 2012ECCV Local Linear No Relative No Supervised No 55/4
mt-von (Yang, Huang, & Liu, 2013) 2013ML Global  Linear No Absolute  Yes  Semi-supervised  No 14/3
LM3L (Hu, Lu, Yuan, & Tan, 2014) 2014ACCV Global  Linear No Absolute  Yes  Supervised No 20/2
mtMCML (Ma et al., 2014) 2014TIP Global  Linear No Absolute  Yes  Supervised No 42/2
3DML (Gao et al., 2014) 2014TIE Global  Linear No Absolute  No Supervised No 104/2
SSM-DML (Yu, Wang, & Tao, 2012) 2012TIP Global  Linear No Absolute  Yes  Semi-supervised = No 130/4
NRML (Lu, Zhou, Tan, Shang, & Zhou, 2014PAMI Local Linear No Absolute  No Supervised No 81/2
2014)
M?2SL (Wang, Jiang, Huang, & Tian, 2012CVPR Global  Linear No Relative Yes  Supervised Yes 13/4
2012)
HMML (Zhang, Zhang, Nasrabadi, & 2013IF Local Linear No Relative No Supervised Yes 9/3
Huang, 2013)
LMKML (Lu et al., 2013) 2013ICCV Global  Nonlinear  No Relative No Supervised Yes  44/3
CDML (Wang, Wang, Zhang, & Xu, 2014AAAI Global  Linear No Absolute  No Semi-supervised ~ No 1/2
2014)
Bag-SVRML (Zou, Wang, Chen, & 2014KBS Global  Linear No Absolute  Yes  Supervised No 2/2
Chen, 2014)
MLPP (Lajugie, Arlot, & Bach, 2014) 2014ICML Global  Linear No Absolute  Yes  Unsupervised No 7/2
LM-KNN (Liu & Tsang, 2015) 2015A1 Global  Linear No Relative Yes  Supervised No 3/1
DeepMDML (Yu, Yang, Gao, & Tao, 2017TCYB Global  Linear No Absolute  No Supervised No 17/1

2016)

problem (HDLR (Davis & Dhillon, 2008)), unsupervised problem
(USML (Cinbis et al., 2011)), image annotation (2PKNN (Verma &
Jawahar, 2012)), 3D object detection (3DML (Gao et al., 2014)),
image set classification (LMKML (Lu et al., 2013)), regression (Bag-
SVRML (Zou et al., 2014)), partition problem (MLPP (Lajugie et al.,
2014)), taxonomy specific problem (AggkNN (Verma et al., 2012))
and image ranking (DeepMDML (Yu et al., 2016)). Next we will give
a summary of the above mentioned metric learning methods with
a property taxonomy:

e L/G (Local or Global): the constraints are constructed on
local or global view;

e L/N (Linear or Nonlinear): linear means the method learns
metric M or transformation L, nonlinear means a nonlinear
transformation ¢ is used or to be learned in the method;

e DR (Dimension Reduction): whether the method can make
dimension reduction;

e R/A (Relative distance or Absolute distance): the optimiza-
tion problem is constrained by relative distance or absolute
distance;

e RT (Regularized Term): whether there is a regularized term
in the objective function;

e SP (Supervised Pattern): the method is proposed for super-
vised problem, semi-supervised problem or unsupervised
problem,;

o KE (Kernel Extension): whether kernel extension is made on
the method;

e CR (Citation Ratio): the ratio between citation number and
the year number that it has been published (2017 minus its
publication year).

All the metric learning methods referred in this paper have been
summarized in chronological order in Table 2.

4. Experiments

In this section, numerical experiments will be made to compare
metric learning methods comprehensively. We will first select
classical and influential algorithms and then design different ex-
periments on representative datasets. The experimental results
will be analyzed to compare model performance and evaluate the
ability of the selected methods in learning informative metric.

4.1. Algorithms selected and settings

We will select representative methods in each category to
make comparisons, in consideration of their citation ratio and
the representativeness according to our understanding. For the
category of Pairwise Cost, three methods, MLSI, DML-eig and PCCA
in absolute cost are considered and two methods, LMINN and SPML,
in relative cost are selected. MLSI and LMNN are two of the most
popular metric learning methods and they have been cited for
more than one thousand times. DML-eig is a particular method
solved by eigenvalue decomposition, resulting in low computa-
tional complexity and competitive performance. PCCA constructs
an unconstrained optimization problem with respect to a linear
transformation. SPML learns a metric from a network with struc-
ture preserved. mLMNN will be selected due to its typicalness
and advantages in extracting class-specific information. In the field
of Probabilistic Framework, seven methods are considered: NCA,
MCML, ITML, LDML, KISSME, NCMML, SERAPH. NCA and MCML
are two of the earliest methods with probabilistic framework. ITML
is proposed with low training time based on information theory.
LDML and KISSME are two methods with concise optimization
formulation and they are both presented with clear task, for face
identification and large-scale problem respectively. Regarding the
Boost-like methods, BoostMetric and MetricBoost are selected
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Table 3
Statistics of the benchmark datasets.

Dataset Instance Attribute Class Class distribution
Arrhythmia(AR) 452 279 2 (245,207}
Bupa liver(BU) 345 6 2 {145,200}
CMC(CM) 1473 9 2 {629,944}
Dermatology(DE) 366 34 2 {173,193}
Heart(HE) 270 13 2 {150,120}
Hepatitis(HP) 155 19 2 {32,123}
Ionosphere(10) 351 34 2 {225,126}
Libras(LI) 360 90 15 ~224 per class
Parkinson(PA) 1040 26 2 {520,520}
Seeds(SE) 210 7 3 ~70 per class
Sonar(SO) 208 60 2 {97,111}
Spectf(SP) 267 44 2 {212,55}
Thyroid(TH) 215 5 3 ~72 per class
Vehiabc(VA) 282 18 4 ~70 per class
Vehicle(VE) 846 18 4 ~2212 per class
Votes(VT) 435 16 2 {168,267}
Wine(WI) 178 13 3 ~60 per class
WPBC(WP) 198 33 2 {151,47}

since they have the top citation rates. For the methods in Advanta-
geous Variants, three algorithms are chosen: MLR, GB-LMNN and
Sub-SML. kNN classification with Euclidean distance(Eucl) is used
as the baseline method. So there are 19 methods in total will be
evaluated and compared with each other.

The algorithm settings are given as follows. In MLSI, the max-
imal iteration is 10. In DML-eig, 8 and j are set to be 1074, 103
respectively. For PCCA, the parameter $ of the logistic loss function
is set to be 1 and the learning rate » = 0.01. The size of neigh-
borhood K is 25 in LMNN and the regularization parameter A is
10-% in SPML. For mLMNN, the maximal iteration is 200. In ITML,
the slack parameter y is 0.1. The parameter v is set to be 1077 in
BoostMetric.

4.2. Experimental design and datasets

In this section, we will make three sides experiments to eval-
uate the ability of these methods. First, a toy example is given to
verify that the selected methods make efforts in mapping original
examples into a new space to improve the performance of Eucl.
Two artificial datasets, Three1l and Moon, are used to test the
mapping ability. The two datasets are generated by Python 3.6
using sklearn.datasets library. Both datasets contain 500 instances
with three classes. For Eucl, kNN classification is implemented with
k = 3. For all the other methods, a desired metric is learned with
default setting and then applied in 3NN classification.

Second, metric learning on benchmark datasets will be made
to compare the ability in improving the classification performance
of Eucl. We have selected 18 benchmark datasets, which are
widely used in classification, from UCI repository (http://archive.
ics.uci.edu/ml/index.php) and LIBSVM website (https://www.csie.
ntu.edu.tw/~cjlin/libsvmtools/datasets/). The statistics of these
datasets are shown in Table 3, including the number of instances,
attributes, classes and the number of instances in each class. The
name of each dataset is abbreviated to two letters.

Third, we will explore the ability of the methods in changing
intra-class distance and inter-class distance and its relationship to
the neighbor size of kNN classification. Two famous image datasets,
Corel and Caltech, are selected to implement experiments. Corel
contains 500 images from ten classes, architecture, bus, dinosaur,
elephant, face, flower, food, horse, sky and snowberg. The size of
every image is 384 x 256 or 256 x 384. Caltech consists of 900
images from six classes, airplane, car, face, leave, motorbike and
background. Fig. 2 shows some images from Corel and Caltech,
each image corresponds to a class. LBP feature (Ojala, Pietikdinen,
& Mdenpdd, 2002) is extracted from the image set and the length of

each extracted feature vector is 4096. The technique of PCA (Jolliffe,
1986) is implemented to preprocess the feature vectors for lower
dimension and less training time. The dimension of each image is
reduced to 300.

4.3. Model performance comparison

In the first experiment, the transformed points of Threel and
Moon have been depicted in Figs. 3 and 4 respectively. The number
in the parenthesis of the caption of each subfigure denotes the
classification accuracy. From the scatter diagrams, it can be seen
that all the metric learning methods can change the data distribu-
tion, though the same classification accuracy from some methods,
resulting from that data information is truly extracted by the
methods. But unfortunately, only 11 and 7 methods perform better
than Eucl on Threel and Moon respectively, which demonstrates
than not all the methods can always obtain informative metric. It
may be explained by that not all the examples can strictly meet the
constraints, pushing dissimilar points away may make them nearer
to other dissimilar points. Certainly, such case depends on method
and dataset.

The second experiment is made to compare the selected meth-
ods comprehensively. Three indexes are used to make evaluation:

1. The prediction accuracy

m
ACC= ) 1{i =yi}/m

i=1
where y;, y; are the predicted label and true label of the ith
test point respectively and m is the size of test set.

2. AUC, the area under the curve of Receiver Operating Charac-
teristic,, which is usually used to evaluate a binary classifier.
The larger the value of AUC, the better the classifier. AUC is
insensitive to the case of class imbalance.

3. The training time TM, which is used to shown the computa-
tional efficiency of a method.

All the experimental results are given in Table 4. For each method,
the three rows denote ACC, AUC and TM respectively. Each value is
obtained by computing the mean of the results of ten times random
partition. In each partition, 70% points are selected randomly for
training and the left are used as the test set. And the value in
subscript is the standard deviation of the ten results. The best value
of each dataset is in boldface and the second is marked by an
underline. For ACC, GB-LMNN obtains five best results and LMNN
and KISSME both perform best on three datasets. For AUC, MCML
and GB-LMNN both get largest AUC on three datasets. For TM,
ITML runs fastest on nearly all the datasets except Arrhythmia.
The results verifies that nonlinear metric learning has a greater
advantage than linear metric learning in extracting useful metric.
However, nonlinear metric learning often need more time to obtain
data dependent information. The ROC curves of six datasets are
depicted in Fig. 5. Most of the curves have similar trend and there
are few differences among them.

Metrics visualization of CMC and Wine are made to show the
difference between Euclidean metric and the learned metric. The
metrics learned from CMC and Wine are displayed in Figs. 6 and 7
respectively. Each metric is denoted by a grid map with the same
number of rows and columns as the metric. Each grid denotes
the value in the corresponding location of the matrix. A colorbar
is place on the right of every map and the corresponding value
become larger and larger from bottom to the top. The map can
reflect the relative difference among all the entries of the metric.
In Fig. 6, the metrics learned from DML-eig, MCML, KISSME, Boost-
Metric perform better than Euclidean metric on CMC dataset. And
they have one common feature, the value in the fourth column and


http://archive.ics.uci.edu/ml/index.php
http://archive.ics.uci.edu/ml/index.php
http://archive.ics.uci.edu/ml/index.php
https://www.csie.ntu.edu.tw/%7Ecjlin/libsvmtools/datasets/
https://www.csie.ntu.edu.tw/%7Ecjlin/libsvmtools/datasets/
https://www.csie.ntu.edu.tw/%7Ecjlin/libsvmtools/datasets/
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(b) Caltech

Fig. 2. Images of Corel and Caltech.
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(m) SEARPH(88.7%) (n) BoostMetric(87.3%) (0) MetricBoost(90.7 %)

(p) MLR(89.3%) (q) GBLMNN(88.0%) (r) Sub-SML(89.3%)

Fig. 3. Scattered points of Three1. The original points are displayed in (a) and the transformed points with corresponding transformation are displayed in (b)-(r) respectively.

fourth row is much bigger than its neighbors. It shows that these
methods can extract similar information from the dataset. In Fig. 7,
LMNN, SPML, DML-eig, NCA, MCML and SERAPH perform better
than Eucl on Wine dataset. Similarly, the metrics of LMNN, SPML,
DML-eig and MCML share a similar character that the value in the
seventh column and seventh row is bigger than its neighbors. The
character is not exist in NCA and SERAPH, which can be illustrated
by that an informative metric can be presented as diverse forma-
tions.

To clearly explore the statistical difference between different
methods with respect to ACC and AUC, Wilcoxon test is applied
to compare each pair of algorithms. A significance level of @ =
0.1 is used. For each dataset, pairwise comparison will be made
and a method will get 1 score if it is significantly better than the
other one and get 0.5 score if there is no statistical difference
between the two methods. The numbers of win, draw and lose are
given in Table 5. The methods are listed according to the order of
total score. The average TMs are sorted from low to high and the
ranks are shown in the last column of Table 5. It can be seen that
GB-LMNN, MCML and SPML performs the first, second and third

respectively on both ACC and AUC. But the three methods are all
implemented with high computational complexity. BoostMetric,
LMNN and SERAPH obtain almost the same performance, all rank
among top seven in ACC and AUC. The time ranks of BoostMetric,
LMNN and SERAPH are fourth, eighth and ninth respectively. The
seven methods, PCCA, mLMNN, MLSI, MetricBoost, Sub-SML, MLR
and LDML, perform worse than Eucl, verifies their weak ability in
learning informative metrics from benchmark datasets. It is worthy
to point out that the top four methods with respect to ACC are
belong to different categories, which verifies that learning metric
from different views can always reach ideal goal. For the category
of pairwise cost, LMNN and SPML perform better than DML-eig,
PCCA and MLSI, shown that learning metric using relative distance
cost is prior to absolute distance cost. For the 11 methods that
perform better than Eucl on ACC, there are 6 ones belong to the
category of probabilistic framework. Using distance information
to obtain favorable probability distribution can learn better metric
easier. BoostMetric and MetricBoost performs much better and
much worse than Eucl respectively, proving that metric decompo-
sition should be implemented restrainedly. GBLMNN performs the
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Fig. 4. Scattered points of Moon. The original points are displayed in (a) and the transformed points with corresponding transformation are displayed in (b)-(r) respectively.
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Fig. 5. ROC curve.

best on both ACC and AUC, owing to nonlinear feature transforma-
tion. Sub-SML and MLR perform not well, probably because they
are only suitable for particular datasets.

In summary, the methods in top three grades with respect to
ACC and AUC are: (1) GBLMNN, MCML and SPML; (2) BoostMetric,
LMNN and SERAPH; (3) NCA, ITML and DML-eig. In considera-
tion of complexity, the above methods can be divided into three
grades with respect to TM, the first ones are ITML, DML-eig and

BoostMetric. The second grade contains LMNN, SERAPH and SPML.
MCML, NCA and GBLMNN are the three slowest methods. For the
selection of metric learning methods, GB-LMNN ,MCML and SPML
are recommended for large ACC and AUC. And BoostMetric, LMNN
and SERAPH are recommended for fast training and relative high
accuracy.

Further, to validate the classification ability of the selected
methods on large scale datasets, we make experiments on 6 large
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Table 4

The experimental results of the selected metric learning methods, including ACC, AUC and TM.

Datasets AR BU M DE HE HP 10 LI PA

SE SO SP TH VA VE VT WI WP Mean

62.437 61.525 60.9;5 96.616
Eucl 60.13_5 59484,3 59.]2_5 96481_8
0.02 001 0.01 0.06

74.933 65.235 77.839 -

77.7,5 80.443 84.55¢ 74.445 65.013
65.239
0.00 0.01 0.01 0.01 0.01

93.0,5 84.055 72559 94.05, 62954 70.119 92.0,4 96317 7135, 77.8
- 81.36; 57.165 - - - 90.656 - 58.2,7 70.3
000 001 000 000 000 001 001 000 000 000

67.933 59.537 58.613 91.657 78.844 81.949 62.514

66.835 62.12,

91.630 83.244 77.342 95.757 57.945 57.135 91.650 97.0,5 72.837 752

MLSI 66.354 57.353 56.923 89.76> 76.045 69.373 52.1g5 - 61.0,3 - 82.15.4 62.665 - - - 90.55, - 58.9:5 68.6
949 175 338 125 099 030 2418 73 610 089 58 091 068 169 147 249 057 055 622
69.347 62.045 61.219 96.9,4 78.1s; 81.75; 84.2,; 79.9,, 66.3,1 96.054 81.1s4 75.847 93.25; 74.855 77.21, 94.2,4 98.9,5 73.35; 80.3
LMNN 67.653 61.163 58.711 94.819 75.134 71.257 76.14 - 66.119 - 79.060 60.9¢> - - - 92655 - 63.5,; 71.6
248 175 122 042 093 029 123 224 904 048 062 066 056 193 724 117 032 058 245
74.1,, 60.547 61.35; 96.5,5 78.5,3 78.76, 88.5,, 75.837 64.9,5 94.8, 86.243 79.457 96.8,, 71.133 74.35, 95.0,; 98.1p 75.755 80.6
SPML 722,, 58.355 59.850 94510 76234 59.9;5 82.3,0 - 65.007 - 82.847 59.657 - - - 93.659 - 57.95, 71.8
152 341 626 425 319 305 459 597 670 294 494 472 291 461 600 449 290 398 501
64.643 59.159 63.6,; 95.715 80.245 78.564 84.555 69.145 65.3,9 93.550 83.5,, 74.055 94.817 65.655 69.7,9 93.817 97.815 71.859 78.1
DML-eig  62.331 57.771 61.95 94.1;7 78254 61.694 76945 - 65.154 - 80.855 56.959 - - - 91.8,7 - 56.85; 70.4
547 011 079 056 027 032 071 095 070 020 054 068 014 030 041 038 026 039 073
63.359 61.427 60.659 96.121 77.53» 80.44; 83.23, 72.453 65.019 93.2,7 84.343 73.245 94.0,, 63.347 70.050 91.8,0 97.015 71.547 77.7
PCCA 61.257 59.746 58.709 94.3y, 74.835 65.755 76.044 - 65.2,0 - 81.650 57.775 - - - 90.6,3 - 57.5,5 70.3
492 101 195 165 674 237 157 499 122 383 106 113 401 777 708 176 290 501 580
72.544 60.055 62.421 96.015 77.944 76.853 88.235 73.756 60.625 93.8,5 81.365 76.845 96.01; 66.09; 71.0,7 94.0,5 97.815 75.355 789
NCA 70.840 58.043 61255 94155 76.145 58.9;3 825,, - 60.5,, - 77.4,5 63.8,7 - - - 91.8,7 - 59.6,9 71.2
148 641 721 41 627 169 937 298 530 278 473 602 200 982 329 613 088 375 222
69.431 64.8,; 63.7,3 96.815 80.5,, 80.95; 86.7,, 80.146 65.455 95.7,5 8445, 73.257 95.8,; 70.944 74.814 96.0,, 98.5,. 73.25; 80.6
MCML 66.855 63.9,, 62259 94900 78.7,, 68.5;3 79.849 - 65.45, - 81.46; 60.354 - - - 946, - 58.25; 72.9
124 247 297 713 227 137 622 142 268 190 433 564 212 431 217 591 169 265 147
62.647 61.85, 61.519 97.0,, 78.633 84.335 85817 76.0s9 62.619 94.4y3 81955 69.9,; 94.8,7 70.743 73.555 93.5,3 97.410 74.334 78.9
ITML 59.545 60.345 59.025 95219 75.935 68.3,5 78.955 - 62.5,5 - 78.565 57.855 - - - 92.0,7 - 61.7,, 70.8
111 002 007 003 002 003 005 125 004 006 005 004 006 008 009 003 007 003 0.17
62.655 54.441 59.0o1 89.253 76.835 80.945 85.259 68.555 61.65; 89.555 79.756 73.057 91.253 50.465 53.153 86.756 89.444 68.8c, 733
LDML 59.457 51.761 57.123 87.645 74.545 61.133 79.534 - 61233 - 77.457 58.3¢5 - - - 84.85 - 50.35, 66.8
434 031 489 115 030 014 122 156 429 023 085 093 013 096 271 112 015 074 146
58.150 63.557 63559 95914 80.659 81.353 86,510 45339 62.13; 95.724 78.343 58.970 95.2,5 74.7,, 79.8,0 96.0,5 97.6,5 67.85; 76.7
KISSME 56.645 61.255 62.2,, 93.8y, 78735 62.8y; 79.240 - 61956 - 76.549 59.255 - - - 943,, - 55756 70.2
118 041 993 062 022 006 054 143 219 010 022 032 011 025 116 093 007 0.13 834
63.644 61.940 59.607 96317 76.750 78.157 87555 76.1s0 66.314 91930 84.05; 75.642 94.6;5 61.854 70.0o0 90.754 97.81 76.0; 782
NCMML 61537 60.149 57.729 94.5,5 74.135 56.31; 81236 - 66.551 - 80.761 61.579 - - - 90.141 - 59.6,, 70.3
110 044 110 180 178 181 186 063 181 044 194 193 044 044 109 182 044 191 126
72.854 60.34, 62219 95514 80.137 82.374 87.5,3 78.0s3 67.1,, 93.8,0 81434 75.85, 95.717 69.9,4 74.0,7 94.3,0 98.0,5 74.85, 80.2
SERAPH  70.1,; 58.4s¢ 60.65 93.156 77.940 66.11; 80.455 - 67121 - 79.055 56.535 - - - 92.4y5 - 57.673 71.0
500 088 260 089 051 023 08 327 148 036 058 058 033 061 598 114 028 033 348

67.829 62.554 62.509 96.814

75.437 77.255 85.733 76.146 65.61¢

94.9,5 85.445 75.939 95.801 72.646 78.5,5 93.9,0 96.5,7 77.8,0 80.4

BoostMetric 64.84‘2 6].06,5 60.61.4 95.11,4 72.82'7 57.912 78.74'5 - 64.52,2 - 83.07.0 61.77.0 - - - 92.62,7 - 56.96,7 721
6.02 0.08 0.09 058 016 038 074 125 103 026 069 086 021 043 050 041 031 072 082
64.970 58.541 59.245 92.2p3 77.437 77.045 87.134 64.05 54.433 89.2535 80.057 75.935 97.413 62.879 55.340 93.623 96.543 72.834 75.5
MetricBoost 63.865 55.947 57.755 90.136 75.2309 56.31; 81.944 - 54.451 - 77.675 59.2¢5 - - - 91.8,7 - 55.363 68.3
803 037 175 053 034 020 051 133 141 024 048 046 023 036 104 051 022 029 1.02

63.237 61.255 59.326 96.121

77.7,5 80.443 84.859 74.445 65.053

93254 84.154 72355 94.0s, 6295, 69.0y3 92754 96.715 71.240 77.7

mLMNN 60.938 59.353 57.624 94.331 74.933 65.2g35 78.2353 - 65.14 - 81.461 56.758 — - - 91.1,7 - 58.175 70.3
207 617 321 165 151 105 277 152 365 294 206 319 297 462 278 214 220 191 930
72.333 49.290 47.870 95.2085 80.434 83.4;5 86.025 51.1y3 49.456 78.613 78.734 75.435 65.416 41.21 46.077 92.336 95957 71.86; 70.0
MLR 70.644 50.866 50.136 92.813 78.747 66.919 79.65; - 50.136 - 75.853 61.95, - - - 90.443 - 51.993 68.2
570 275 119 10.3 261 136 667 193 442 147 289 369 109 201 20 108 174 210 457
76.9,9 66.535 62.9,, 97.517; 78.536 81.755 91.5,3 79.636 67.6153 93.835 85.257 75.341 92.835 72.555 74.925 95.011 98.0;, 72.260 81.2
GB-LMNN  75.135 66.0,5 61.4,6 95.8,, 76.235 66.739 86.74, - 67.5,5 - 81.567 60.667 - - - 93.2;, - 57.03, 74.0
267 066 176 151 091 09 133 903 284 087 317 748 049 191 344 074 138 944 257
62.437 54.453 57.239 86.334 76.947 82.154 54.313 71.143 65.020 93.316 85.645 77.35; 95.215 64.145 72.113 48.655 97.09 74.045 73.2
Sub-SML 60.136 50.854 54.93, 84.751 73.253 55.81; 62.67, - 65.1, - 83.047 52.075 - - - 61.155 - 54.23, 61.3

le3 464 996 75.0 298 104

684 152 532

181 337 409 179 332 323 798 130 222 215

scale datasets. The statistics of the datasets are given in Table 6.
From Table 4, we can see that most of the methods are not suitable
for large scale problems, so only the methods whose time rank in
top 8 are selected. The classification results are shown in Table 6.
For each method and its corresponding dataset, the first number
denotes ACC and its subscript denotes the standard deviation of
3-fold cross validation, the second number denotes average train-
ing time. It can be seen that the performance of BoostMetric
and LMNN ranks first and second respectively. The results are

consistent with previous evaluation. For large scale datasets, ITML,
DML-eig and BoostMetric run much faster than LMNN, but the for-
mer two obtain worse performance than LMNN. NCMML performs
much worse than Eucl, probably resulting from that computing
distance using class centroid will loss much useful information in
large scale problems.

In the third experiment, for all the methods, the learned metrics
will be applied in kNN classification with different neighborhood
size k, selected from the set {1, 3,5,7,9}. The corresponding
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Fig. 6. CMC metrics.
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Fig. 7. Wine metrics.

Table 5

Wilcoxon test on all the selected methods.
Algorithm ACC AUC Total score  Time rank

Win Draw Lose Score Win Draw  Lose Score

GBLMNN 144 169 11 2285 97 123 3 1555 384 15
MCML 135 172 17 221 81 134 8 145 366 13
SPML 126 180 18 216 58 159 6 134 350 10
BoostMetric 113 183 28 2045 76 143 15 1315 336 4
LMNN 109 192 23 205 45 168 21 118 323 8
SERAPH 105 194 25 202 46 149 28 1175 3195 9
NCA 83 192 49 179 47 158 24 119 298 14
ITML 75 190 59 170 37 164 33 107 277 2
DMLeig 57 207 60 160.5 35 173 26 1135 274 3
KISSME 92 132 100 158 47 127 48 109 267 11
NCMML 53 206 65 156 33 151 39 1055 2615 6
Eucl 45 198 81 144 35 166 33 109 253 1
PCCA 43 204 77 145 28 161 33 106 251 17
mLMNN 44 199 81 1435 30 155 38 1045 248 12
MLSI 40 164 120 122 35 136 63 93.5 215.5 18
MetricBoost 47 156 121 125 17 138 67 84 209 5
Sub-SML 49 150 125 124 15 83 124 55 179 19
MLR 38 116 170 96 32 102 88 82 178 16
LDML 15 126 183 78 8 110 105 62.5 140.5 7

Table 6

Classification accuracy on large scale datasets.
Datasets Abalone Letter Magic Spambase Waveform Wine-quality
(inst. xattr. ) 4177 x 8 20000 x 16 19020 x 10 4601 x 57 5000 x 21 4873 x 11
Eucl 50.5¢.9/0.05 95.206/1.58 77.503/0.12 80.4¢5/0.25 77.90.7/0.12 56.114/0.11
LMNN 50.71.4/131 96.1¢.4/699 79.00.1/99.8 89.9,5/34.5 78.505/28.2 59.30.8/100
DML-eig 49.20.4/0,90 95.50_4/28.5 77.80_5/20.7 85.02_3/1.87 80.30,9/1.35 58.00_4/].37
ITML 50.21.1/0.36 93.3¢.7/10.2 77.90.4/7.70 79.710/0.44 77.81.1/0.49 56.615/0.53
LDML 49.006/29.2 95.205/134 77.50.3/94.1 80.495/13.4 72.3,3/87.0 56.11.4/6.73
NCMML 50.617/0.12 14.006/1.89 57.510/0.10 67.706/0.39 78.002/0.24 51.613/0.22

BoostMetric ~ 48.6,3/0.50  96.7,5/15.8  79.603/9.60  76.9,1/395  79.30,/1.80  59.7:/129
MetricBoost ~ 42.555/4.14  82.495/704  67.30,/41.8  69.7,,/125  82.80-/625  58.605/5.18
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The classification ACC of the selected methods on different neighborhood sizes. The numbers in the parentheses denote relative rate of growth on ACC, compared with

Eucl. The numbers in red color are the largest ones in the corresponding method.

Dataset Corel Caltech
k 1 3 5 7 9 1 3 5 7 9
Eucl 59.3 59.3 60.7 60.0 61.3 84.4 80.7 78.1 77.8 77.0
MLSI 54.0(-8.9)  50.7(-14.6) 533(-12.1) 533(-11.1)  55.3(-9.8) | 78.9(-6.6)  80.7(0.0)  793(1.4)  807(3.8)  79.6(3.4)
LMNN 787(32.6)  72.021.3)  753(242)  773(28.9)  76.7(25.0) | 94.8(12.3)  95.6(18.3) 94.8(21.3) 94.4(21.4)  94.4(22.6)
SPML 67.3(13.5)  68.7(157)  68.7(132)  70.7(17.8)  71.3(163) | 9L1(7.9)  90.4(11.9)  90.4(15.6)  90.0(15.7)  89.6(16.3)
DML-eig 46.7(-21.3)  69.3(16.9) 69.3(14.3) 72.0(20.0) 73.3(19.6) 91.5(8.3) 93.7(16.1) 93.0(19.0) 92.6(19.0) 93.3(21.2)
PCCA 5930000  61.334)  60.0(-1.1)  627(44)  62.0(1.1) | 84.1¢-04)  80.7(0.0)  78.9(0.9)  77.8(0.0)  76.7(-0.5)
NCA 61.3(3.4) 63.3(6.7) 67.3(11.0) 68.7(14.4) 69.3(13.0) 90.0(6.6) 89.3(10.6) 88.5(13.3) 87.0(11.9) 87.8(13.9)
MCML 65.3(10.1) 67.3(13.5) 68.7(13.2) 68.7(14.4) 70.7(15.2) 93.0(10.1) 92.6(14.7) 93.0(19.0) 91.9(18.1) 91.5(18.8)
ITML 63.3(6.7)  66.7(124)  68.0(12.1)  69.3(15.6)  67.3(9.8) 85.9(1.8)  84.1(4.1)  852(9.0)  84.18.1)  83.78.7)
LDML 44.0(-25.8)  42.0(-29.2)  42.7(-29.7)  45.3(-24.5)  46.0(-25.0) | 60.7(-28.1)  65.9(-18.3)  63.3(-19.0)  65.5(-15.8)  65.6(-14.8)
KISSME 533(-10.1)  527(-11.2)  56.0(-7.7)  54.0(-10.0) 54.0(-12.0) | 83.0(-1.8)  83.028)  822(52)  81.54.8)  83.0(7.2)
NCMML 167¢-71.9)  167(-71.9)  17.3(-71.4)  18.0(-70.0) 18.0(-70.7) | 22.2(-73.7) 21.1(-73.9) 22.6(-71.1) 22.6(-71.0) 21.5(-72.1)
SERAPH 67.3(13.5)  70.7(19.1)  72.0(18.7)  68.0(13.3)  70.0(14.1) | 92.69.6)  90.4(11.9)  92.2(18.0)  91.5(17.6)  91.1(18.3)
BoostMetric | 63.3(6.7)  61.3(3.4)  62.73.3)  653(8.9)  66.0(7.6) 91.58.3)  9L.1(12.8)  90.7(16.1)  90.0(157)  89.6(16.3)
MetricBoost | 30.0(-49.4)  30.7(-48.3) 30.7(-49.5) 27.3(-54.4) 28.7(-53.3) | 30.7(-63.6) 26.3(-67.4) 28.9(-63.0) 34.8(-552)  30.7(-60.1)
MLR 533(-10.1)  52.0-12.4) 493(-18.7) 50.0(-16.7) 47.3(-22.8) | 84.4(0.0)  80.4(-0.5)  77.0(-1.4)  759(-2.4)  77.0(0.0)
GB-LMNN 62.7(5.6) 58.0(-2.2) 56.0(-7.7) 51.3(-14.4)  52.0(-15.2) 84.0(-0.4) 82.6(2.3) 79.6(1.9) 78.5(1.0) 80.0(3.8)
Sub-SML 61.33.4)  627(5.6)  627(33)  633(5.6)  61.3(0.0) | 20.7(-75.4) 20.7(-743) 21.9(-72.0) 222(-71.4) 22.2(-71.2)
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Fig. 8. The ratio between inter-class distance and intra-class distance. The horizontal axis denotes class number.

ACCs are shown in Table 7. For each neighbor size, the methods
that performs best, second and third will be marked in bold type,
underline and italic type respectively. It can be seen that LMNN
performs best ten times, DML-eig, SERAPH and MCML performs
second six, three and two times severally. The results are not con-
sistent with the Wilcoxon test in Table 5 very much. A reasonable
explanation is that images are unstructured data and LMNN is
good at handling such kind of data. The performance of nonlinear
metric learning, GBLMNN, is not as well as that in benchmark
datasets. Comprehensively, LMNN, SERAPH and MCML performs
comparatively good in benchmark datasets and image sets.

The numbers in the parentheses are the relative rate of growth
(RRG) compared with Eucl,

ACCy — ACCe
ACCg

where ACCy, denotes the ACC of metric learning method and ACCg
denotes the ACC of Eucl.

The numbers in red color are the largest RRGs in the corre-
sponding method. For Corel, 8 methods obtain the largest RRGs
when k = 7. And 10 methods obtains the largest RRGs when
k = 9 in Caltech. A proper deduction is that each dataset cor-
responds to a neighbor size, with which metric learning method
can improve kNN performance greatly. Since metric learning is
equivalent to transforming original examples into new space, the
ratio of inter-class distance to intra-class distance for each class in
the transformed space are displayed in Fig. 8. Compared with Eucl,
the methods that performs better than Eucl can always enlarge the
ratios of several and even all the classes. The distances between dis-
similar patterns are expanded and the distances between similar

RRG = (4.1)

points are shrinked. Therefore, the ratio of inter-class distance to
intra-class distance can be used as an index to evaluate the ability
in learning useful metric.

5. Conclusions

In this paper, an experimental survey is made to compare the
performance of different metric learning methods. First, a tax-
onomy is provided and the methods are divided into five cate-
gories according to their most distinguished characters: pairwise
cost, probabilistic framework, boost-like approaches, advantages
variants and specific application. For each category, several clas-
sical and influenced methods are selected from famous journals
and conferences. The proposed taxonomy can help the scholars
in metric learning understand the methods systematically and
then propose new methods in consideration of the advantages
and drawbacks of each category. In experiments, 18 representa-
tive methods are evaluated and the classification performances
on benchmark datasets are compared from statistical view. Then
image datasets are selected to explore the relation between classi-
fication accuracy and neighborhood size and the relation between
accuracy and distance change. It is confirmed that there is no one
method can perform best on all the datasets, but the experimental
results provide the evidence that several methods have high ability
in learning informative metrics. We will give some suggestions
on the selection of metric learning methods: (1) As three repre-
sentative methods in their corresponding categories, BoostMetric,
LMNN and SERAPH are first recommended since they perform the
second grade with respect to the statistical score (ACC and AUC),
with relative lower computational time; (2) GBLMNN and MCML
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are recommended when seeking for high ACC and AUC and the
computational cost is a secondary factor. But for unstructured data,
such as image datasets, GBLMNN is not a good option; (3) ITML
and DML-eig are two good choices when learning metric for large
scale dataset due to the much lower computational complexity.
(4) MLSI, Sub-SML and MLR are not recommended since they
neither performs well with respect to ACC and AUC nor training
fast. Further, to tap the potentials of each method as much as
possible, a learned metric should be applied to kNN with different
k and select the one with highest classification accuracy.
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